Abstract-We look into the problem of approximating a distributed parameter port-Hamiltonian system which is represented by a non-constant Stokes-Dirac structure. We here employ the idea where we use different finite elements for the approximation of geometric variables (forms) describing a infinite-dimensional system, to spatially discretize the system and obtain a finite-dimensional port-Hamiltonian system. In particular we take the example of a special case of the shallow water equations.
I. INTRODUCTION
In recent publications, see for e.g. [6] , [7] , the Hamiltonian formulation of distributed parameter systems has been successfully extended to incorporate boundary conditions corresponding to non-zero energy flow, by defining a Dirac structure on certain spaces of differential forms on the spatial domain and its boundary, based on the use of Stokes' theorem. This is essential from a control and interconnection point of view, since in many applications interaction of system with its environment takes place through the boundary of the system. This framework has been applied to model various kinds of systems from different domains, like telegraphers equations, fluid dynamical systems, Maxwell equations, flexible beams and so on.
Consider a mixed finite and infinite-dimensional port-Hamiltonian system, where we interconnect finitedimensional systems to infinite-dimensional systems. It has been shown in [3] that such an interconnection again defines a port-Hamiltonian system. A typical example of such a system is a power-drive consisting of a power converter, transmission line and electrical machine. From the control and simulation point of view of such systems, it may be crucial to approximate the infinite-dimensional subsystem with a finite-dimensional one. The finite-dimensional approximation should be such that it is again a portHamiltonian system which retains all the properties of the infinite-dimensional model, like energy balance and other conserved quantities. Furthermore, the port-variables of the approximated system should be such that it can easily be replaced in the original system, in other words the original interconnection constraints should be retained. It has been shown in [1] how the intrinsic Hamiltonian formulation suggests finite element methods which result in finite-dimensional approximations which are again port-Hamiltonian systems. Given the port-Hamiltonian formulation of distributed parameter systems it is natural to use different finite-elements for the approximation of functions and forms. In [1] this method was used for discretization of the ideal transmission line and the two dimensional wave equation. In this paper we extend this method to a special case of shallow water equations, which is a 1-D port-Hamiltonian system defined with respect to a non-constant Stokes-Dirac structure.
II. NOTATIONS
We apply the differential geometric framework of differential forms on the spatial domain Z of the system. The shallow water equations are a case of a distributed parameter system with a one-dimensional spatial domain and in this context it means that we distinguish between zero-forms (functions) and one forms defined on the interval representing the spatial domain of the canal. One forms are objects which can be integrated over every sub-interval of the interval where as zero-forms or functions can be evaluated at any points of the interval. If we consider a spatial coordinate z for the interval Z, then a function is simply given by the values f (z) C R for every coordinate value in z in the interval, while a one-form g is given as g(z)dz for a certain density function g. We denote the set of zero forms and one-forms on Z by Q°(Z) and Q1 (Z) respectively. Given a coordinate z for the spatial domain we obtain by spatial differentiation of a function f (z) the one-form w := df (z)dz. In coordinate free language this is denoted as w = df, where d is called the exterior derivative mapping zero forms to one forms. We denote by *, the Hodge star operator mapping one forms to zero-forms, meaning that given a one-form g on Z, the star operator converts the one form g to a function g, mathematically given as *g(z) = g(z). Also denote by A, the wedge product of two differential forms. Given a k-form w1 and an i-form w2, the wedge product w1 A w2 is a k + I-form.
III. PORT-HAMILTONIAN FORMULATION OF THE SHALLOW WATER EQUATIONS
Consider flow of water through a canal as shown in Figure  1 , where h(z, t) is the height of the water level in the canal u(z, t) and v(z, t) are the two velocity components.
Here we restrict ourselves to the case where the height and the velocity components depend on only one spatial coordinate and hence we can model the system as an infinitedimensional system with a 1-D spatial domain. The dynamics of the system are described by the following set of equations [4] 1-4244-0171-2/06/$20.00 ©2006 IEEE.
We will now define the Stokes-Dirac structure on 
In the port-Hamiltonian framework this is modeled as follows. The energy variables now are h(z, t), u(z, t) and v(z, t), the Hamiltonian of the system is given by x X 1(h(ii2 +v2) + gh2)dz (3) and the variational derivatives are given by TH( [2 (ai2 +v2) hi hv] T. As before the interaction of the system with the environment takes place through the boundary of the system {0, l}. The Stokes-Dirac structure corresponding to the shallow water equations (2) 
To identify the boundary variables we consider space of 0-forms, i.e., the space of functions on OZ, to represent the boundary height ,the dynamic pressure and the additional velocity component at the boundary. We thus consider the space of boundary variables 
with the Hamiltonian given as
Substituting (6) into (5), we obtain the equations (2). Proof: The proof is based on the skew symmetric term in the 3 x 3 matrix and also that the boundary variable e' in (5)does not contribute to the bilinear form (4) and also follows a procedure as in [6] . ii(l(hi2 + -gh2)) oL +(u(-gh2)) IL 2 2 2 The first term in last line of the above expression for energy balance corresponds to the energy flux (the total energy times the velocity) through the boundary and the second term is the work done by the hydrostatic pressure given by pressure times the velocity. It is also seen that the boundary variables which contribute to the power at the boundary are fb and eb and the third boundary variable e' does not contribute to it. Conservation laws or Casimirs are obtained by applying the theory of Casimirs for infinite-dimensional systems [3] . It has been shown in [2] that the Casimirs are all the functionals C which satisfy ucC =0 d6hC -d(*v)6vC. (8) h The solution to the above PDE is of the form, see [5] Furthermore we also approximate *v(t, z) in (5) with a zero form instead of approximating v(t, z) with a one form) as, this gives 
where
Here hab represents the total amount of water in the considered part of the canal and Uab, Vab the average velocities of the same part of the canal. The kinetic energy as a function of the energy variables u and v is given by
Approximation of the infinite-dimensional energy variables u and v by (28) means that we restrict the infinite-dimensional space of one-forms Q1 (Zab) to its one-dimensional subspace spanned by Whb, abaWb:ab, This leads to the approximation of the kinetic energy of the considered part of the canal by Ha"' (hab: Uab, Vab) This means that the Casimirs are independent of the u component of velocity which is consistent with the continuous case. Equation (31) could be seen as an analogue of (8), the solution of which would result in a class of functions which would be conserved quantities for the finite-dimensional model.
V. CONCLUSIONS AND FUTURE WORKS In this paper we have extended the general methodology for spatial discretization of boundary control systems modelled as port-Hamiltonian systems which are now defined with respect to a non-constant Stokes-Dirac structure. It is observed that a key feature of this methodology is that the discretized system is again a port-Hamiltonian system. The advantages of it are that the physical properties of the infinite-dimensional model can be translated to the finitedimensional approximation. The finite-dimensional model can be interconnected to other systems in the same was as that for the infinite dimensional model.
Here we have treated the spatial discretization of a special case of the shallow water equations and we have seen that the energy and the mass conservation laws also hold for the finite-dimensional model. However, what is a matter of further investigation is to see how solutions of equation (31) relate to the class of conserved quantities as in the infinitedimensional model (9). The next step would also be to use this finite-dimensional model for actual numerical simulations and also to obtain bounds on error between the infinitedimensional model and its finite-dimensional approximation.
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